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a b s t r a c t
Let G and H be fixed graphs with s(G) = s (the minimum number
of vertices in a color class over all proper vertex-colorings of Gwith
χ(G) colors). It is shown that r(K1+G, K1+nH) ≤ k(hn+s−1)+1
for large n, whereχ(G) = k ≥ 2. In particular, if s is odd or s is even
and hn is odd, then r(K1 + Kk(s), K1 + nH) = k(hn + s − 1) + 1,
where Kk(s) is a complete k-partite graph with s vertices in each
part, implying that K1 + nH is not (K1 + Kk(s))-good. Moreover,
r(K1 + sK2, K1 + nH) = 2hn+ 1 for large n.
© 2010 Published by Elsevier Ltd
1. Introduction
Let G and H be graphs. The Ramsey number r(G,H) is defined as the minimum integer N such that
any red/blue edge-coloring of KN contains a red G or a blue H . The following is a well-known result of
Chvátal [5].
Lemma 1. Let Tn be a tree of order n. Then
r(Kk, Tn) = (k− 1)(n− 1)+ 1.
Define the chromatic surplus s(G) as theminimumnumber of vertices in a color class over all proper
vertex-colorings of Gwith χ(G) colors. Thenwe have the following general lower bound; see Burr [2].
Lemma 2. Let H be a connected graph with |V (H)| ≥ s(G). Then
r(G,H) ≥ (χ(G)− 1)(|V (H)| − 1)+ s(G).
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A connected graph H is called to be G-good if equality holds in Lemma 2. Thus a tree Tn is Kk-good.
The notion of goodness was introduced by Burr and Erdős [3] and consequently studied by them and
various collaborators.
Let G1+G2 denote the join of vertex disjoint graphs G1 and G2 [1, p. 7]. So a star K1,n can be written
as K1 + nK1. We shall generalize a star as graph K1 + nH , where H is a fixed graph.
We do not expect a large Km + nH , or simply K1,n, to be G-good for general G. It is easy to verify
that r(K1,s, K1,n) = n+ s− 1 if both s and n are even, and n+ s otherwise. Thus K1,n is not K1,s-good
for s > 2. Let us consider a non-trivial case. Using properties of the projective plane of a prime power
order q, Erdős and Rényi [8] constructed a C4-free graph with q2+ q+ 1 vertices in which each vertex
has degree either q or q+ 1. This graph shows that
r(C4, K1,n) ≥ n+
√
n− 1+ 1
for n = q2 + 1, implying that a large star K1,n is not C4-good. Note the result of Burr [2] that
a long path is G-good for any fixed G. These findings give evidence to support a conjecture that
min|V (T )|=n r(G, T ) = r(G, Pn) and max|V (T )|=n r(G, T ) = r(G, K1,n).
Lemma 3. Let G be a graph with s(G) = 1 and T a tree. If T is G-good, then it is (K1 + G)-good.
Proof. Let n be the order of T . As χ(K1 + G) = χ(G)+ 1 and s(K1 + G) = 1 we have
r(K1 + G, T ) ≥ χ(G)(n− 1)+ 1 = r(G, T )+ n− 1
by Lemma 2 and the goodness definition. So the assertion follows from
r(K1 + G, T ) ≤ r(G, T )+ n− 1.
Let N = r(G, T )+ n− 1. Consider any red/blue edge-coloring of KN . Let T ′ be a maximal subtree of T
in color blue. If T ′ = T , we are done. So we assume that the order of T ′ is at most n − 1 on a vertex
set, say X . Let us delete X . There are at least r(G, T ) vertices left. Assume that there is no blue T , and
we have a red G on a vertex set, say Y . Among vertices of X , there must be a vertex, say v, from which
one blue edge to a vertex in Y will yield a blue subtree of T , which is larger than T ′. By maximality of
T ′, we know that v is connected to Y by red edges completely, yielding a red K1 + G. 
The graph Fn = K1 + nK2 is called a fan, and Bn = K2 + nK1 is called a book. So both Fn and Bn are n
triangles, sharing a vertex and an edge, respectively. The Ramsey numbers of fans and books have been
studied in, e.g., [13,9–12]. In particular, Nikiforov and Rousseau [12] obtained pretty general goodness
results. Among these, they proved that if G and H are fixed graphs, then Km+ nH is (K2+ G)-good for
large n [12, Theorem 2.3]. Knowing this result, Lemma 3 and the fact that large K1,n is not G-good for
some G, we shall ask whether large Km + nH , or simply K1,n, is (K1 + G)-good. The general answer is
negative.
Remark. Our results in this note hold for all large nwhile graphs G and H are fixed.
Theorem 4. Let k = χ(G) ≥ 2, s = s(G), and h = |V (H)|. Then
r(K1 + G, K1 + nH) ≤ k(hn+ s− 1)+ 1
for all large n. In particular,
r(K1 + Kk(s), K1 + nH) = k(hn+ s− 1)+ 1
if s is odd, or s is even and hn is odd.
Hence when s ≥ 2, a large K1+ nH , for which the equality in Theorem 4 holds, is not (K1+ Kk(s))-
good. In particular, Theorem 4 implies that K1,n is not (K1 + Kk(s))-good for large odd n, and hence it
is not Kk(s)-good.
The graphWs = K1 + Cs where Cs is a cycle of order s is called a wheel. The following results are
immediate from Theorem 4 and Lemma 2, of which the special cases with h = 1 for r(W2s+1, K1,n)
and r(W4, K1,n) were obtained by Chen, Zhang and Zhang [4], and by Surahmat and Baskoro [15],
respectively.
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Corollary 5. We have
r(W2s+1, K1 + nH) = 3hn+ 1
for all large n.
Corollary 6. If hn is odd, then
r(W4, K1 + nH) = 2hn+ 3
for all large n.
The graph Fn is of particular interest, and we shall prove that a large K1+ nH , and hence a large Fn,
is Fs-good.
Theorem 7. We have
r(Fs, K1 + nH) = 2hn+ 1
for all large n.
2. Proofs for the main results
The following stability theorem is due to Erdős and Simonovits [6,7,14]. In the following result, E(F)
is the edge set of F and e(F) = |E(F)|.
Lemma 8 (Erdős–Simonovits Theorem). Given a ‘‘forbidden’’ graph G with χ(G) = k+1, for every  > 0
there is a δ > 0 and a positive integer N0 such that if F is a graph of order N > N0 and e(F) > k−12k N
2−δN2
that does not contain G, then there exists a partition of V (F) into k classes V1, V2, . . . , Vk such that
N
k
− N < |Vi| < Nk + N, i = 1, 2, . . . , k,
all but at most N2 pairs {x, y} with x ∈ Vi, y ∈ Vj, i 6= j, belong to E(F), and for i = 1, 2, . . . , k, at
most N2 pairs {x, y} with x, y ∈ Vi belong to E(F). Moreover, there is no vertex that is adjacent to fewer
vertices in some other class than the number of vertices to which it is adjacent in its own.
The above theorem describes how a large graph F with forbidden G is similar to Kk(N/k) if e(F) is
close to e(Kk(N/k)), where N is the order of G and χ(G) = k+ 1.
Let v be a vertex of F , and let NF (v) and dF (v) be its neighborhood and degree, respectively. Write
NF (v,U) = NF (v)∩U and dF (v,U) = |NF (v,U)|. For any red/blue edge-coloring of KN , let R and B be
the red and the blue graphs, respectively.
Proof of the upper bound of Theorem 4. Choose a proper k-coloring of V (G); let t be the number of
vertices in the largest color class. Then K1 + G ⊆ K1,s + Kk−1(t). Let  = (k, s) > 0 but sufficiently
small. We aim to prove that r(K1+G, K1+nH) ≤ k(hn+ s−1) for large n. Let N = k(hn+ s−1)+1.
Assume, to the contrary, that there is a red/blue edge-coloring of KN such that there is neither a red
K1 + G nor a blue K1 + nH . We shall show that this leads to a contradiction.
For any vertex v ∈ V (KN), since there is no blue K1 + nH , we have that
dB(v) < r(K1 + G, nKh) ≤ h(n− 1)+ r(K1 + G, Kh).
Thus dR(v) = N − 1− dB(v) ≥ (k− 1)hn− O(1), which implies that
e(R) = 1
2
∑
v
dR(v) ≥ (k− 1)N
2
2k
− O(N).
Therefore, the edge-density condition for the red graph R in Lemma 8 is satisfied for arbitrary  > 0.
So there exists a partition of V (KN) into k classes V1, V2, . . . , Vk such that all but at most N2 pairs
{x, y}with x ∈ Vi, y ∈ Vj (i 6= j) belong to E(R) and N/k− N < |Vi| < N/k+ N for each i. Assume
that |V1| ≥ · · · ≥ |Vk|. Then |V1| ≥ dN/ke = hn+ s.
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For each i, define a subset V ′i of Vi as
V ′i = {x ∈ Vi : dR(x, Vj) ≥ (1− 2
√
)|Vj| for any j 6= i}.
Then
|V ′i | ≥ (1− k2
√
)|Vi|,
since otherwise |Vi \ V ′i | > k2
√
|Vi| ≥ k2√(1/k− )N , as any x ∈ Vi \ V ′i has
dB(x, Vj) ≥ 2√|Vj| ≥ 2√
(
1
k
− 
)
N
for some j 6= i, and the number of blue edges between Vi and all other Vj’s is at least∑
j6=i
∑
x∈Vi\V ′i
dB(x, Vj) ≥ 2k2
(
1
k
− 
)2
N2 > N2,
where the last inequality holds as  is small, which is a contradiction.
Claim 1. Any vertex x ∈ V1 has dR(x, V ′1) ≤ s− 1.
Suppose, to the contrary, that there exists a vertex x0 ∈ V1 such that dR(x0, V ′1) ≥ s. Choose s
vertices from NR(x0, V ′1), denoted by L1 = {y11, . . . , y1s}. We shall construct a red K1 + G as follows.
Note that any vertex y ∈ L1 has dR(y, V2) ≥ (1− 2√)|V2|. We have∣∣∣∣∣⋂
y∈L1
NR(y, V2)
∣∣∣∣∣ ≥ (1− 2s√)|V2|.
By Lemma 8, any vertex is red-adjacent to no more vertices than its own; hence
dR(x0, V2) ≥ 12
(
dR(x0)−
k∑
i=3
|Vi|
)
> |V2|/3
for large n. Thus∣∣∣∣∣NR(x0, V2) ∩
(⋂
y∈L1
NR(y, V2)
)∣∣∣∣∣ ≥
(
1
3
− 2s√
)
|V2|,
implying that the number of the common redneighbors of {x0}∪L1 inV ′2 is at least
( 1
3 − 4s
√

) |V2| ≥ t
for large n. Therefore, we can choose a subset L2 = {y21, . . . , y2t} ⊂ V ′2 such that {x0}∪L1∪L2 induces
a blue K1,s + Kt . Continuing the procedure, we can find a red K1,s + Kk−1(t) and hence a red K1 + G
with the center x0, which is a contradiction.
From Claim 1, any x ∈ V1, and in particular x ∈ V ′1, has dR(x, V ′1) ≤ s − 1. This fact and Lemma 1
imply that there is a blue cliqueW ⊂ V ′1 with
|W | ≥ (|V ′1| − 1)/s ≥ (1− k2
√
)
hn− 1
s
≥ 3hn
4s
.
Furthermore, as any vertex x of V1 has at most s − 1 red neighbors inW , if we define a subsetW ′ of
W such thatW ′ is completely blue-adjacent to V1 \ V ′1; then, as
|V1 \ V ′1| ≤ k2
√
|V1| ≤ k2√
(
1
k
+ 
)
k(hn+ s)
and  is sufficiently small, we have
|W ′| ≥ |W | − (s− 1)|V1 \ V ′1| > (s+ h− 2)r(K1 + G, Kh)
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for large n. So any vertexw ∈ W ′ satisfies
dB(w, V1) ≥ (|V1| − 1)− dR(w, V ′1) ≥ (hn+ s− 1)− (s− 1) = hn.
Let X ⊂ NB(w0, V1) for some vertexw0 ∈ W ′ such thatW ′ \ {w0} ⊆ X and |X | = hn.
Claim 2. The graph induced by the blue edges in X contains a copy of nKh.
Indeed, set |X \W ′| = r(K1+G, Kh)+ n1h+ h′, where 0 ≤ h′ < h. Since there is no red K1+G, we
can then find at least n1 + 1 disjoint blue Kh in X \W ′. Let us denote the set of the remaining vertices
in X \W ′ by X0; clearly we have |X0| < r(K1+G, Kh). Note thatW ′ ⊆ W ⊆ V ′1; hence by Claim 1, any
vertex x ∈ X0 has dR(x,W ′) ≤ s− 1, implying that there is a subset Q ofW ′ \ {w0}with
q ≥ |W ′ \ {w0}| − (s− 1)r(K1 + G, Kh) ≥ (h− 1)r(K1 + G, Kh)
such that any vertex in X0 is blue-adjacent to all vertices ofQ . Thus any vertex x ∈ X0 and h−1 vertices
of Q form a blue Kh; combining with the remaining vertices in Q we can obtain n disjoint blue Kh by
noting that |X | = hn as desired.
Claim 2 gives a blue K1+nKh, and hence a blue K1+nH with the centerw0, which is a contradiction,
completing the proof for the upper bound in Theorem 4. 
In order to prove the equality in Theorem 4, we shall give the following simple result first.
Lemma 9. Let k ≥ 2. Let G be an (s − 1)-regular and triangle-free graph of order hn + s − 1, and let
G1, . . . ,Gk be copies of G and F = G1+· · ·+Gk. Then F contains no K1+Kk(s) and F contains no K1+nH.
Proof. Clearly F = ∪ki=i G is (hn− 1)-regular. Thus it contains no K1,hn and hence no K1+ nH . We will
prove that F contains no K1 + Kk(s) by induction on k ≥ 2.
For k = 2, assume, to the contrary, that F = G1 + G2 contains K1 + K2(s) as a subgraph with the
center x ∈ V (G1). Note that G1 is triangle-free; we thus have that NG1(x) contains vertices belonging
to one color class only of K2(s). This fact and |NG1(x)| = s− 1 imply a contradiction.
Now assume that k ≥ 3 and the result holds for smaller k. Assume that F contains a subgraph
K1 + Kk(s)with center x ∈ V (G1). Since G1 is triangle-free, NG1(x) contains vertices belonging to only
one color class of Kk(s). This and |NG1(x)| = s− 1 imply that G2 + · · · + Gk must contain K1 + Kk−1(s)
as a copy, which is a contradiction to the assumption of the induction on k− 1. 
Proof of the equality of Theorem 4. To prove the equality of Theorem 4, by Lemma 9, it suffices to
construct an (s− 1)-regular and triangle-free graph G of order hn+ s− 1. Let us write p = hn+ s− 1.
Case 1. s is odd. Wemay assume that s ≥ 3 as it is trivial for s = 1. Let us write p = 4n′(s− 2)+ s′,
0 ≤ s′ < 4(s−2), where n′ is large as n is large.We shall construct an (s−1)-regular and triangle-free
graph G on p vertices, which consists of vertex disjoint graphs to be defined.
Let X and Y be copies of Zq/2 = {0, 1, . . . , q/2}, where q = 4(s − 2)(n′ − s′). Define a bipartite
graph D on partitions X and Y in which a vertex x ∈ X in D has neighborhood
ND(x) = {y ∈ Y |y = x+ i, i = 1, . . . , s− 1}.
Thus a vertex y ∈ Y has neighborhood
ND(y) = {x ∈ X |x = y− i, i = 1, . . . , s− 1}.
Then D is (s− 1)-regular and triangle-free graph of order q.
Define a graph D′ (see Fig. 1) on {x} ∪ (A1 ∪ B1) ∪ (A2 ∪ B2), where Ai = {ai1, . . . , ai(s−2)} and
Bi = {bi1, . . . , bi(s−2)} for i = 1, 2. The edge set of D′ consists of edges of forms as follows.
a1ja2j, j = 1, . . . , s− 2, a matching between A1 and A2
a1jb1k, j, k = 1, 2, . . . , s− 2, complete adjacency between A1 and B1
a2jb2k, j, k = 1, 2, . . . , s− 2, complete adjacency between A2 and B2
b1jb2j, j = (s+ 1)/2, . . . , s− 2, a matching between parts of B1 and B2
xb1j, j = 1, 2, . . . , (s− 1)/2, complete adjacency of x to a part of B1
xb2j, j = 1, 2, . . . , (s− 1)/2, complete adjacency of x to a part of B2.
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Fig. 1. D.
Clearly D′ is (s−1)-regular and triangle-free. Let D′1, . . . ,D′s′ be vertex disjoint copies of D′, and let
G = D∪(∪s′`=1 D′`). ThenG is an (s−1)-regular and triangle-free graph of order q+s′(4(s−2)+1) = p.
Case 2. s is even and hn is odd. Then hn+ s− 1 is even. The desired graph G can be constructed in
a bipartite manner like D in Case 1. 
The following lemma can be found in [1, p. 192].
Lemma 10. Let s ≥ 1, n ≥ 2 be integers. Then
r(sK2, Kn) = n+ 2(s− 1).
Proof of Theorem 7. Let us have  > 0 but small enough, and let N = 2hn + 1. From Lemma 2, it
suffices to prove that r(Fs, K1 + nH) ≤ 2hn + 1 for all large n. Assume, to the contrary, that there
exists a red/blue edge-coloring of KN such that there is neither a red Fs nor a blue K1 + nH . We shall
show that this leads to a contradiction for large n. Like in the discussion of Theorem 4, there exists a
partition of the vertex set of KN into two classes V1, V2 such that all but at most N2 pairs {x, y} with
x ∈ V1, y ∈ V2 belong to E(R) and N/2 − N < |Vi| < N/2 + N for each i = 1, 2. Assume that
|V1| ≥ |V2|. Then |V1| ≥ dN/2e = hn+ 1.
For i = 1, 2, define a subset V ′i of Vi as
V ′i = {x ∈ Vi : dR(x, V3−i) ≥ (1− 2
√
)|V3−i|}.
Like in the proof of Theorem 4, we have |V ′1| ≥ (1− 4
√
)|V1|. Thus any vertex x ∈ V ′2 satisfies
dR(x, V ′1) ≥ dR(x, V1)− |V1 \ V ′1| ≥ (1− 6
√
)|V1|.
Since there is no red Fs, NR(x, V ′1) contains no red sK2. Therefore, by Lemma 10, we can find a blue
clique onW ⊂ NR(x, V ′1) such that
|W | ≥ (1− 6√)|V1| − 2(s− 1) = (1− o(1))hn.
Claim. Any vertex x ∈ V1 satisfies dR(x, V ′1) ≤ s − 1, since otherwise, like in the proof of Claim 1 in
Theorem 4, we can find a red K1 + Ks,s and hence a red Fs, which will lead to a contradiction.
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From the above claim, we can find a subsetW ′ ⊂ W such that any vertex ofW ′ is blue-adjacent
to all vertices of V1 \W with
|W ′| ≥ |W | − (s− 1)|V1 \W | > (s+ h− 2)r(Fs, Kh)
for large n, which implies that any vertex of W ′ is blue-adjacent to all vertices of V1. Note also that
|V1| ≥ hn+ 1.
Now take a subset X ⊂ NB(w0, V1) for somew0 ∈ W ′ such thatW ′ \ {w0} ⊆ X and |X | = hn. Like
in the proof of Claim 2 in Theorem 4, we can find a blue nKh in X , which together withw0 gives a blue
K1 + nKh and hence a blue K1 + nH . This is a contradiction. 
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